






















Hawking’s stable causality implies Sorkin andWoolgar’s K-causality which
implies Carter’s infinite causal virtuosity. I provide an example of space-
time which is K-causal but non-stably causal, and discuss the relationship
between these and the other causality properties. Due to this spacetime
example, K-causality differs from stable causality and hence provides a
new level in the causal ladder of spacetimes. This result answers to a
question raised by R. Low after the introduction of K-causality. New
proofs involving Seifert’s closed relation are also obtained.
1 Introduction
The property of K-causality was introduced about ten years ago by R.D. Sorkin
and E. Woolgar [12]. Given a spacetime (M, g) they defined the relation K+ as
the smallest closed subset K+ ⊂ M ×M , which contains I+, I+ ⊂ K+, and
shares the transitivity property: (x, y) ∈ K+ and (y, z) ∈ K+ ⇒ (x, z) ∈ K+
(the set of causal relations satisfying these properties is non-empty, consider
for instance the trivial subset M × M). This definition raised from the fact
that J+ while transitive is not necessarily closed whereas J¯+ while closed is not
necessarily transitive. They also defined the spacetime to be K-causal if the
relation K+ is a partial order i.e. not only transitive but also asymmetric, that
is, such that, (x, z) ∈ K+ and (z, x) ∈ K+ ⇒ x = z.
R. Low pointed out [12, footnote p. 1990] that H. Seifert’s causal relation
J+S ⊃ J
+ is closed and transitive, hence K+ ⊂ J+S , and raised the problem of
the possible coincidence between K+ and J+S . Indeed, Seifert proved [11] the
transitivity and closedness of J+S and showed that J
+
S is a partial ordering if
and only if the spacetime is stably causal [4] (see also [6] or theorem 3.9 below).
As a consequence, since K+ ⊂ J+S , if the spacetime is stably causal then it is
K-causal. Moreover, the equality K+ = J+S would imply that the properties
of K-causality and stable causality coincide. On the contrary, if K+ does not
always coincide with J+S then the property of K-causality can be included in
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the causal hierarchy of spacetimes [6, 8] just below stable causality (see figure
1).
Seifert himself [11] raised the problem as to whether J+S could be regarded
as the smallest closed and transitive causal relation containing I+. One of his
lemmas [11, Lemma 2] actually answers this question in the affirmative sense.
If it were correct J+S = K
+. This lemma was almost never cited in subsequent
literature and some researchers who tried to reproduce it begun to raise doubts
at least on the validity of the proof.
In this work I provide an example of spacetime that is K-causal and yet non-
stably causal, thus answering the question raised by R. Low. This result shows
that [11, Lemma 2] can not hold. Also, I generalize some mentioned proofs
because some of them can only be found with the point based causal relations
J+(x), J+S (x) in mind, an approach which is somewhat restrictive. Recall [8]
the following definition of sets on M ×M
I+ = {(p, q) : p≪ q}, J+ = {(p, q) : p ≤ q}, E+ = {(p, q) : p→ q}.
Clearly, E± = J±\I±. Moreover, I+ is open [9, Chap. 14, Lemma 3] [8, Prop.
2.16], J¯+ = I¯+, IntJ+ = I+ and J˙+ = I˙+ [8, Prop. 2.17].
I refer the reader to [8] for most of the conventions used in this work.
In particular, I denote with (M, g) a Cr spacetime (connected, time-oriented
Lorentzian manifold), r ∈ {3, . . . ,∞} of arbitrary dimension n ≥ 2 and signa-
ture (−,+, . . . ,+). On M ×M the usual product topology is defined. I use the
short-hand notation J¯+(x) = J+(x). By defintion K+(x) = {z ∈ M : (x, z) ∈
K+}, and K−(z) = {x ∈ M : (x, z) ∈ K+}. The subset symbol ⊂ is reflexive,
X ⊂ X .
2 Causal virtuosity
A spacetime is future (resp. past) distinguishing if I+(x) = I+(z) (resp.
I−(x) = I−(z)) ⇒ x = z. For other characterizations not considered here
see [8, Lemma 3.10]).
Lemma 2.1. The spacetime (M, g) is future (resp. past) distinguishing if and
only if for every x, z ∈ M , (x, z) ∈ J+ and x ∈ J¯+(z) imply x = z (resp.
(x, z) ∈ J+ and z ∈ J¯−(x) imply x = z).
Proof. (Future case, the past case being analogous). If there is x 6= z such that
(x, z) ∈ J+ and x ∈ J¯+(z) then because of (x, z) ∈ J+, I+(z) ⊂ I+(x) while
because of x ∈ J¯+(z), I+(x) ⊂ I+(z), thus I+(x) = I+(z), that is (M, g) is not
future distinguishing.
Conversely, if (M, g) is not future distinguishing there is x′ 6= z such that
I+(x′) = I+(z). Since z ∈ I¯+(z) = J¯+(x′), let σn be a sequence of causal curves
of endpoints x′ and zn, zn → z, and let σz be a limit curve a the sequence passing






















Figure 1: The causal ladder of spacetimes. An arrow between two properties
P1 ⇒ P2 means that the former implies the latter and that there are examples
of spacetimes in which the latter holds and the former does not hold. Carter’s
ladder of n-th degree (n ≥ 3) causal virtuosity is not displayed and would stay
between strong causality and K-causality.
Lemma 2.2. The spacetime (M, g) is strongly causal if and only if for every
x, z ∈M , (x, z) ∈ J+ and (z, x) ∈ J¯+ imply x = z.
Proof. Assume that x 6= z but (x, z) ∈ J+ and (z, x) ∈ J¯+, and let us prove
that (M, g) is not strongly causal. Let U ∋ x be a neighborhood whose closure
does not contain z. Take y ∈ I+(x) ∩ U and w ∈ I−(x) ∩ U , then z ∈ I+(w)
and x ∈ I−(y). If σn is a sequence of causal curves of endpoints converging
respectively to z and x then for sufficiently large n the first endpoint stays in
I+(w) while the second endpoint stays in I−(y). As a result y ∈ I+(w) and a
timelike curve connecting y to w can be chosen that passes arbitrary close to
z and hence is not entirely contained in U . Since U is arbitrary the spacetime
is not strongly causal according to the characterizing property (i) of [8, Lemma
3.22].
Conversely, if (M, g) is not strongly causal then the characterizing property
(ii) of [8, Lemma 3.22] does not hold, that is, there is x ∈ M , a neighborhood
U ∋ x and a sequence of causal curves σn of endpoints xn, zn, with xn → x,
zn → x, not entirely contained in U . Let C ∋ x be a convex neighborhood
whose compact closure is contained in another convex neighborhood V ⊂ U .
Let cn ∈ C˙ be the first point at which σn escapes C. Since C˙ is compact there
is c ∈ C˙, and a subsequence such that ck → c and since V is convex, the causal
relation on V × V , J+(V ), is closed and hence (x, c) ∈ J+(V ) thus (x, c) ∈ J+.
But since (ck, zk) ∈ J+ it is (c, x) ∈ J¯+ and yet c 6= x.
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A trivial consequence is
Corollary 2.3. If (M, g) is strongly causal then it is distinguishing.
Another trivial consequence of this result is
Corollary 2.4. If (M, g) is K-causal then it is strongly causal.
Actually, a stronger result holds (theorem 2.5). After the introduction of the
properties of chronology and causality by Kronheimer and Penrose [7] and strong
causality and stable causality by S. Hawking [4], B. Carter [1] introduced the
causal virtuosity hierarchy with the aim of making some order in the different
causality requirements that were appearing in the literature. He showed that
between strong causality and stable causality a numerable sequence of, each
time more demanding, properties could be defined. Carter’s definition were
quite involved because he used the point based causal relation J+(x) instead of
the more versatile J+.
He defined a sequence of causal relations, let me denote them ≤n, in which
≤0=≤, and ≤n+1 was obtained from ≤k, k < n by taking suitable closures
and coompositions of the previous causal relations (for an account see [3]).
According to Carter’s definition a spacetime is n-th degree causally virtuous,
n ≥ 0, if x ≤i z and z ≤j x with i + j = n implies x = z. In particular it is
infinitely causally virtuous if it is n-th degree causally virtuous for every n, that
is if whatever i, j ∈ N, x ≤i z and z ≤j x implies x = z. According to Carter
0-th degree causally virtuous spacetimes are simply the causal spacetimes, first
causally virtuous spacetimes are the distinguishing spacetimes and the second
causally virtuous spacetimes are the strongly causal spacetimes. That n-th
degree causal virtuosity is different from n + 1-th degree causal virtuosity was
shown in an example due to Carter and published in [10].
It must be said that given the causal hierarchy there is essentially no proof
that the hierarchy is complete and a statement of this kind would probably make
no sense at all. It can always happen that some day a new interesting causal
property could be discovered which fits nicely in the hierarchy and simplifies
some old statements and proofs. Carter’s causal ladder had the merit to clarify
this aspect but, at least in the author’s opinion, the new levels introduced
by Carter failed to prove particularly useful for the development of causality
theory. In this respect K-causality is conceptually simpler but very similar to
the infinitely causally virtuous property (if they are equivalent a proof would
probably be complicated because of the involved definition of the latter). It
conveys the same ideas in a simplified way, and I think an almost definitive
causal ladder should accomodate it in place of the causal virtuosity (sub)ladder.
The analogy between infinite causal virtuosity andK-causality becomes even
more stringent if one recalls that the set K+ can be built starting from J+ via
a transfinite induction [12, Lemma 14] in which at each step new pairs of events
in the closure or obtained through transitivity are added, in a way which clearly
resembles that used by Carter for the definition of his ≤n relations but with the
advantage that here no point based causal relation is used.
It is easy to prove the following
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Theorem 2.5. K-causality implies infinite causal virtuosity.
Proof. The starting point of Carter’s inductive process, i.e. J+ is contained in
K+, and the construction of the sets corresponding to ≤k, k > 0, is obtained
through compositions and closures that, due to the transitivity and closure
properties of K+ necessarily remain included in K+. Thus x ≤n z ⇒ (x, z) ∈
K+ and hence K-causality implies infinite causal virtuosity.
After the introduction of the infinitely causally virtuous property, S. Hawk-
ing [5] considered the possibility of its coincidence with the previously defined
stably causal property. He expressed the opinion that this coincidence does not
hold, without, as far as I know, providing an example of spacetime infinitely
causally virtuous but non-stably causal. The example I provide in section 4,
proves that Hawking’s opinion was correct and actually, if K-causality differs
from infinite causal virtuosity, it proves a strictly stronger result.
3 Seifert’s closed relation
Given two metrics g, g′ over M , denote g′ > g if every causal vector for g is
timelike for g′, whereas g′ ≥ g if every causal vector for g is causal for g′. In
presence of different metrics, the sets I+g , J
+
g ,⊂ M ×M , are the chronological
and causal sets of (M, g).
Definition 3.1. The set J+S ⊂ M ×M , defining Seifert’s causal relation on
(M, g) is defined by
J+S = {(x, z) : (x, z) ∈ J
+
g′ for every g




The point based relations J+S (x) and J
−
S (x) are defined analogously, for instance
J+S (x) = {z ∈M : (x, z) ∈ J
+
g′ for every g
′ > g},
thus J+S (x) = {z ∈M : (x, z) ∈ J
+
S }.
Remark 3.2. The last mentioned property makes the transitivity property of
J+S equivalent to: y ∈ J
+
S (x) and z ∈ J
+
S (y) ⇒ z ∈ J
+
S (x). More care must be
used with J¯+ ⊂ M ×M , and the analogous point based relations J¯+(x) and
J¯−(x). Indeed, unless (M, g) is future reflecting [8, Prop. 3.45], J¯+(x) 6= {z ∈
M : (x, z) ∈ J¯+} for some x ∈ M . Thus, in general, the transitivity property
of J¯+ is independent of the transitivity property of the analogous point based
relations J+(·) or J−(·).
Lemma 3.3. If g˜ < g then J¯+g˜ ⊂ I
+
g .
Proof. Let (x, z) ∈ J¯+g˜ , let σn be a sequence of (g˜-)causal curves of endpoints
xn, zn in (M, g˜). Using a limit curve theorem it follows the existence of a future
directed (g˜-)causal curve σx starting from x, and a past directed (g˜-)causal
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curve σz ending at z, and a subsequence σj distinguishing both curves. Taken
x′ ∈ σx, z′ ∈ σz it follows (x, x′) ∈ J+g˜ , (z
′, z) ∈ J+g˜ and (x
′, z′) ∈ J¯+g˜ , or, in
terms of the causal relations of g, (x, x′) ∈ I+g , (z
′, z) ∈ I+g and (x
′, z′) ∈ J¯+g ,
which implies, because I+g is open, (x, z) ∈ I
+
g .


















the other inclusion being obvious. For every g¯ > g, taken g˜ such that g < g˜ < g¯,








g¯ , since g¯ > g is arbitrary the thesis follows.









the other inclusion being obvious. Let g¯ > g , taken g˜ such that g < g˜ < g¯,








g¯ , since g¯ > g is arbitrary the
thesis follows.
Theorem 3.5. The relation J+S is closed, transitive and contains I
+, moreover
for every x ∈ M , J+S (x) and J
−
S (x) are closed and contain respectively I
+(x)
and I−(x).
Proof. The transitivity is obvious because for every g′ > g, J+g′ is transitive.
The statements on the inclusions of I+, I+(x) and I−(x) are trivial too. The






g′ . The closure of J
−
S (x), and
J+S (x), follows by taking (xn, zn) → (x, z), (xn, zn) ∈ J
+
S , and by using the
closure of J+S in the cases xn = x or zn = z for the initial choice of converging
sequence.
A simple consequence is K+ ⊂ J+S and hence
Corollary 3.6. If J+S is a partial ordering then the spacetime is K-causal.
Lemma 3.7. If (M, g) is chronological at x then for every g′ < g, (M, g′) is
strongly causal at x.
Proof. if (M, g′) is not strongly causal then the characterizing property (ii) of
[8, Lemma 3.22] does not hold, that is, there is x ∈ M , a neighborhood U ∋ x
and a sequence of (g′-)causal curves σn of endpoints xn, zn, with xn → x,
zn → x, not entirely contained in U . Let C ∋ x be a (g′-)convex neighborhood
whose compact closure is contained in another (g′-)convex neighborhood V ⊂ U
contained in a globally hyperbolic neighborhood. Let cn ∈ C˙ be the first point
at which σn escapes C, and let dn be the last point at which σn reenters C.
Since C˙ is compact there are c, d ∈ C˙, and a subsequence σk such that ck → c,
dk → d and since V is convex, the causal relation on V ×V , J
+
g′ (V ), is closed and
hence (x, c), (d, x) ∈ J+g′ (V ) thus (x, c), (d, x) ∈ J
+
g′ (note that (d, c) ∈ J
+
g′ (V )
thus d and c must be distinct since the spacetime (V, g′) is causal). Taking into
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account that (ck, dk) ∈ J
+
g′ it is (c, d) ∈ J¯
+
g′ . Thus there is a (g-)timelike curve
connecting d to c passing through x, and since (c, d) ∈ J¯+g and I
+
g is open there
is a closed timelike curve passing through x, a contradiction.
Lemma 3.8. If (M, g) is non-stably causal then there is an event x ∈M such
that for every g¯ > g, (M, g¯) is non-chronological at x.
Proof. Let (M, g) be non-stably causal and assume by contradiction that for
every y ∈M there is a (y dependent) g¯y > g such that (M, g¯y) is chronological
at y. By Lemma 3.7, taken gy such that g < gy < g¯y, (M, gy) is strongly
causal at y and hence it is strongly causal in an open neighborhood Uy of y (in
particular using the same argument, since g < g¯y, (M, g) is strongly causal).
Let C be a compact, from the covering {Uy, y ∈ C}, a finite covering can be
extracted {Uy1, Uy2 , . . . , Uyk}. Since C is compact a metric gC > g, on M
can be found such that for i = 1, . . . k, gC < gyi on C (to see this, for every
c ∈ C take a metric gc > g, such that for all i = 1, . . . k, gc < gyi at c, then
the same inequality holds in a neighborhood Vc ∋ c, extract a finite covering
of {Vc, c ∈ C} and join the metrics through a partition of unity of the finite
covering). Thus (M, gC) is strongly causal on C and hence on a suitable open
set A ⊃ C. Let (gn, Cn) be a sequence of metrics gn > g, gn+1 < gn, and
strictly increasing compacts Cn ⊂ An ⊂ Cn+1, such that (M, gn) is strongly
causal on An and ∪nCn = M (for instance introduce a complete Riemannian
metric and define Cn as the balls of radius n centered at x ∈M , Cn = B(x, n)).
Let χn : M → [0, 1] be smooth functions such that χn = 1 on Cn, and χn = 0
outside An. The metric g
′ which on Cn+1\An has value gn+1, and on An\Cn
has value χngn+(1−χn)gn+1 is such that g′ > g and for every n, g′ < gn. Thus
(M, g′) is strongly causal on every Cn and hence onM . In particular it is causal
although g′ > g, in contradiction with the non-stable causality of (M, g).
The next theorem is due to Seifert [11, Lemma 1]. Unfortunately, he did not
give many details of the proof so that Hawking and Sachs gave another proof1
(see the proof of [6, Prop. 2.3]). The proof given here differs from those and
takes advantage of the previous lemmas.
Theorem 3.9. The relation J+S on M ×M is a partial ordering if and only if
(M, g) is stably causal.
Proof. It is trivial that if (M, g) is stably causal then J+S is a partial ordering.
Indeed (x, y) ∈ J+S and (y, x) ∈ J
+
S imply that for a suitable g
′ > g, such that
(M, g′) is causal, (x, y) ∈ J+g′ and (y, x) ∈ J
+
g′ , hence x = y because of the
causality of (M, g′).
1There seems to be a gap in Hawking and Sachs’s proof. At the very beginning they state
that given the spacetime (M, g) and x ∈ M , if J+
S
is a partial ordering then there is some
g¯ > g such that (M, g¯) is causal at x. However, they give no argument for this claim. It seems
to me that since J+
S
is a partial ordering then for every z ∈ M , there is a g¯z > g such that
(M, g¯z) has no closed causal curve which passes through x and z, but, without a proof of the
contrary, g¯z may well depend on z. Also note that if the claim were obvious then lemma 3.8
would suffice to prove the theorem.
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For the converse let (M, g) be non-stably causal and let x be the event of
lemma 3.8. Let g¯ > g, introduce a Riemannian metrics in a neighborhood of x
and consider S = B˙(x, ǫ), i.e. the surface of the ball of Riemannian radius ǫ > 0.
Choose ǫ sufficiently small so that S is contained in a (g¯-)convex neighborhood
contained in a (g¯-)globally hyperbolic neighborhood V . For every g′, g < g′ < g¯,
because of lemma 3.8, there is a closed (g′-)timelike curve σg′ passing through
x. This curve must escape the hyperbolic neighborhood V otherwise in (V, g¯)
there would be a closed timelike curve. Hence the curve must meet S at some
point of S∩J+g¯ . Given g
′ the event x belongs to the chronologically violating set
C(g′) which is open [10] and which can be written as the union of disjoint open
sets of the for I+g′ (y) ∩ I
−
g′ (y) where y is any point of the component [10, Prop.
4.27]. In particular x belongs to the component I+g′ (x)∩I
−






g¯ 6= ∅ is open in the topology inherited by S and non-empty
because σg′ must meet S ∩ I
+
g¯ . In the topology of S, A¯(g
′) are compact and⋂
g<g′<g¯ A¯(g




where the complement C is taken in the topological space S. Since A¯C(g′) are
open sets there would be a finite covering S = A¯C(g1)∪· · ·∪ A¯C(gk). Now, note
that if gˆ < g˜ then, since a timelike curve for gˆ is timelike for g˜ it is A(gˆ) ⊂ A(g˜)








′) 6= ∅. In other words there is a event z ∈ S such that every
g′ > g has closed timelike curves starting from x and passing arbitrarily close
to z. Thus for every g′ > g, (x, z) ∈ J¯+g′ and (z, x) ∈ J¯
+
g′ thus by lemma 3.4,
(x, z) ∈ J+S and (z, x) ∈ J
+
S but x 6= z, i.e. J
+
S is not a partial ordering.
From corollary 3.6 and theorem 3.9 it follows
Corollary 3.10. If (M, g) is stably causal then it is K-causal.
For every spacetime z ∈ J¯+(x) or x ∈ J¯−(z) imply (x, z) ∈ J¯+. A spacetime
is reflecting if (x, z) ∈ J¯+ implies z ∈ J¯+(x) and x ∈ J¯−(z) (this property can
be taken as a definition, see [8, Prop. 3.45]). Another equivalent property is
z ∈ J¯+(x)⇔ x ∈ J¯−(z).
The next result summarizes previous results due to Dowker, Garcia and
Surya [2, Prop. 2] and Hawking and Sachs [6, Theor. 2.1].
Theorem 3.11. The following conditions for the spacetime (M, g) are equiva-
lent
(i) (M, g) is reflecting.
(ii) For every x ∈M , J¯±(x) = K±(x).
(iii) For every x ∈M , J¯±(x) = J±S (x).
Moreover, if they hold, J¯+ = K+ = J+S .
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Proof. (i)⇒ (ii). J¯+ is not only closed but also transitive because if (x, y) ∈ J¯+
and (y, z) ∈ J¯+ then x ∈ J¯−(y) and z ∈ J¯+(y) from which it follows (x, z) ∈ J¯+,
hence K+ = J¯+. In particular J¯+(x) = {y ∈ M : (x, y) ∈ J¯+} = {y ∈ M :
(x, y) ∈ K+} = K+(x), where in the first equality we used the reflectivity. The
equality J¯−(x) = K−(x) is proved similarly.
(ii) ⇒ (i). z ∈ J¯+(x)⇔ z ∈ K+(x)⇔ (x, z) ∈ K+ ⇔ x ∈ K−(z)⇔ x ∈ J¯−(z),
thus (M, g) is reflecting.
(iii) ⇒ (i). z ∈ J¯+(x) ⇔ z ∈ J+S (x) ⇔ (x, z) ∈ J
+
S ⇔ x ∈ J
−
S (z)⇔ x ∈ J¯
−(z),
thus (M, g) is reflecting.
(i)⇒ (iii). The proof is quite involved and can be found in [6, Theor. 2.1D].
Remark 3.12. It can be J¯+ = K+ and yet the spacetime can be non-reflecting.
An example is given in section 4. The reason is that J¯+ = K+ does not imply
(ii) whereas the converse holds.
4 The example
In this section I give an example of non-stably causal but K-causal spacetime
(see figure 2).
Let (Λ, η) be 2+1 Minkowski spacetime and let (t, x1, x2) be canonical co-
ordinates, η = −dt2 + (dx1)2 + (dx2)2. The manifold M is obtained from Λ
as follows. Remove the planes t = 0 and, t = 1. On the planes there are two
(open in the plane topology) holes of the same size but with non-aligned centers
which are not removed but rather identified (the correspondence between points
is done respecting the Minkowskian parallel transport). The causal future of the
lower hole is ‘stopped’ by a (closed) disk removed from Minkowski spacetime
and of exactly the same size of the light cone at that height. The height of the
disk from t = 0 is chosen so that the causal past of the upper hole reaches the
edge of the removed disk at a point b (also removed). The lightlike geodesic
segment ab in the boundary of the light cone issuing from the lower hole is also
removed. The metric g = η|M is that induced from Minkowski spacetime.
A close inspection of this spacetime shows that if it were non-K-causal then
the two events x, z ∈ K+ such that (x, z) ∈ K+, (z, x) ∈ K+ would necessarily
stay in the lightlike inextendible geodesic γ obtained from the segment bc after
removal of the endpoints. We may assume z ∈ J+(x). However, it is not
possible that x ∈ K+(z) indeed the set {y : (y, x) ∈ J¯+} ⊃ J¯−(x) is closed
but has empty intersection with the closure of the causal future of the hole,
thanks to the fact that the segment ab has been removed. Thus the spacetime
is K-causal and moreover it is not difficult to convince oneself that K+ 6= J¯+.
The proof of the non-stable causality of (M, g) is more involved. We have
to show that for every g¯ > g, (M, g¯) is not causal. Let χ : [0, 1] × R × R →
(0, 1], (t, x1, x2)→ χ(t, x1, x2), be a smooth function such that χ(0, x1, x2) = 1,
χ(1, x1, x2) = 1, and χ = 1 for (t, x1, x2) point of the removed disk or of the
removed segment, and χ < 1 everywhere else.
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Figure 2: A non-stably causal but K-causal spacetime is obtained from
Minkowski spacetime by removing a disk, a geodesic segment, two planes with
holes of the same size and by identifying the holes as shown in the figure.
The metric is that induced from Minkowski spacetime. In this spacetime













Figure 3: Proof of the non-stable causality of the spacetime.
The metric g˜ = χg + (1 − χ)g¯, satisfies g ≤ g˜ < g¯ on M , (and g < g˜ where
χ < 1, i.e. outside the hole) thus if (M, g˜) is non-causal then (M, g¯) is non-
causal. Note that the metric g˜ has the property of converging to the Minkowski
metric when the event goes towards the boundary of M or to the points of the
hole. In other words, we can write g˜ = gˆ|M , where gˆ is a metric on Λ.
We are going to show that (M, g˜) is not causal. Indeed, since g < g˜ on γ
the events b and c on (Λ, gˆ) are connected by a timelike curve, thus there is a
neighborhood U ×V ∈ I+gˆ . In particular two events p ∈ U , q ∈ V can be found,
one at the edge of the disk to be removed and the other at the edge of the upper
hole (see 3). Moreover, they can be chosen so that the point q′ corresponding
to q at the edge of the lower hole stays in a generatrix q′p of the future light
cone of the lower hole with respect to (Λ, η).
Any pair of events (r, s), both in M the former sufficiently close to p and
in the plane of the disk and the latter sufficiently close to q on the hole, stay
necessarily in U ×V and are connected by a (gˆ-)timelike curve which is entirely
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contained in M . Thus there is a timelike curve connecting r and s in (M, g˜).
Moreover, the generatrix q′p is timelike for gˆ and hence arguing as above there
is a timelike curve connecting t to r, which moreover is entirely contained in
M . We conclude that (M, g˜) admits a closed timelike curve and hence (M, g) is
non-stably causal.
5 Conclusions
In this work I proved that K-causality differs from stable causality and hence
provides a new level in the causal hierarchy of spacetimes. The connection be-
tween stable causality, K-causality, causal virtuosity and other causality prop-
erties was commented. Some new proofs involving Seifert’s causal relation and
stable casuality were given.
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